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Abstract Using Lowdin «-radial function and the Guseinov’s charge density expan-
sion formulae, the calculation of the three-center nuclear attraction integrals over Slater
type orbitals in molecular coordinate system is performed. The proposed algorithm is
especially useful for computation of multicenter-multielectron integrals that arise in
the Hartree-Fock-Roothaan approximation, which plays a significant role for the study
of electronic structure and electron-nuclei interaction properties of atoms, molecules
and solids. The algorithm described in the present work is valid for the arbitrary values
of quantum numbers, screening constants and internuclear distances. The calculation
results are in good agreement with those obtained using the alternative evaluation
procedure.

Keywords Slater type orbitals - Three-center nuclear attraction integrals -
Lowdin o function - Guseinov charge density expansion formula

1 Introduction

It is well known that the determination of multielectron properties for atoms and
molecules requires more accurate solutions of Hartree-Fock-Roothaan (HFR) equa-
tions [1,2]. The matrix elements of nuclear attraction and electron-repulsion operators
between the determinantal wave functions of molecules arising from HFR equations
are expressed through the multicenter integrals with the same operators. The difficul-
ties in solving the multicenter molecular integrals over Slater-type orbitals (STOs), in
particular the three-center nuclear attraction integrals, have restricted their use in elec-
tronic structure calculations of molecules. Since the early years of quantum chemistry,
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the evaluation of molecular integrals over STOs has attracted attention continuously
[3-22]. To our knowledge, many authors have addressed this problem and, although a
lot of improvement has been made in the past years by the use of computers, an efficient
program for the calculation of the three-center nuclear attraction integral over STOs are
not yet available in the literature [21,22]. In spite of all developments, the evaluation
of the three-center nuclear attraction integral over STOs is still one of the main prob-
lems. The Léwdin «-radial function convoluted with the Guseinov’s two-center charge
density expansion formula is one of the most important ingredients for accurate and
efficient implementation of electronic structure calculation methods regardless of HFR
method [23,24]. With this in mind, we have obtained the general analytical expression
for the three-center nuclear attraction integrals in molecular coordinate system using
convolution of the Lowdin «-radial function and the Guseinov’s two-center charge
density expansion formula with the arbitrary values of integral parameters [21-28].

2 Lowdin «-radial and Guseinov- charge density expansion functions

It is well known that the molecular integrals over STOs can be expressed in terms of
C an (i, J) coefficients by using Lowdin «e-radial functions [29,30]. The main approach
is to use the polynomial expression derived by Jones, in which C l"lm (i, j) coefficients
are written as the matrix form. Analytical expressions for C l"lm (@, j) coefficients in
terms of summation of products of factorials have been published in [29,30]. By
using Jones’s polynomial method we can write the Sharma’s analytical formula for
the Cl”lm (i, j) coefficients in the following form [24-26]:
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The factorial (p — 1/2)!in Egs. 1 and 2 has the form [31]

| (p—=1/2)(p —3/2)...1/2 for a positive integer p
p—1/2t= [ 1/[(=D)™P(—=p —1/2)!]]  for a negative integer p &

with (—1/2)! = 1. Thus the following relation holds [31]:
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=1/ =p = 1/D! = (=D". “

We notice that Eq. 1 is valid for arbitrary values of parameters.
The Guseinov two-center charge density expansion formula over STOs is given
[21] by
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The generalized Gaunt coefficients C vio| (lm, UI'm’ ), and A;’nm, in Eq. 12 are deter-
mined by the following relationships [21]:

L !l /
LiM| s [ CEUm, I'm)) for |M|=|m—m'|
T m ) = ’CL(lm,l’—m’) for |M|=|m+m'|" (13)
1 m—m'|\/? 1 m+m'
M N (2 |\’ ) 8M,€|m7m/| + Tjnmm/ 8M,e\m+m’\
Amm' = for real STOs (14)
SM . m—m' for complex STOs

mEm’

oy GNAE = €

See [21] for the exact definition of quantities 1

3 Analytical expression for three-center nuclear attraction integrals
with STOs

The three-center nuclear attraction integrals over STOs are defined with respect to a
molecular coordinate system by

o o . NN A
Inlm,n’l/m/ (§5 g/a Rea, Rab) = / X;:lm &, ra) Xnirm' (C/, rC) Ed3ra (15)

-

where I_éub =7, —1rp, Rey =7 —Fyq and
Tt (€ 7) = 20T @72 " e 8,6, ). (16)
Here, the complex and real spherical harmonics S, are determined by
Sim (0, ) = Pijm| (c0s ) Py (¢), (17)

where Py, are the normalized associated Legendre functions [32] and for complex
spherical harmonics (SH)

Olp) = e, (18)

for real spherical harmonics

cos|m|e for m >0

1
O (p) = /(L + Om0) [sin|m|<p for m <0

It should be noted that our definition of phases for complex spherical harmonics
(Yl* Yl_m) differs from the Condon-Shortley phases [33] by the sign factor.

m =

(19)
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By using Guseinov’s two-center charge density expansion formula, it is easy to
obtain for the three-center nuclear attraction integral over STOs the following formula
[22]:

-

Inlm n'l'm ’(é‘ § I_é » Ra )

n— v
= lim ZZ > W i e @ 8 2 Reas 0o (2, Rap),  (20)
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where « = 1,0, —1,-2,...and z = ¢ + ¢’. In Eq.20, Juve (2, Eab)me the basic
nuclear attraction integrals determined as

o 1 1
Jnim (&, Rap) = —— y a?a _d3;: 21

As seen from Eq.20, the choice of reliable formulas for the evalation of overlap
integrals S, /17 and basic nuclear attraction integralsJ,,,» (z, Rqp) has the prime
importance in accurately calculating the three-center nuclear attraction integrals over
STOs in molecular coordinate system. Several useful procedures for evaluating the
overlap integrals Sy, /1, and basic nuclear attraction integrals J, ¢ (2, Rab) can be
found in literature [21-23].

In our recently published paper [23], an efficient and reliable accurate formula has
been presented for the direct evaluation of basic nuclear attraction integrals by using
Loéwdin a-radial function:

R . 2 +1 1/2n+l n o
Juim (¢, R) =2 W ZZJ!CO @, Jj)
’ i=0 j=0

x | e~ (Re)i=I-1 ((_1)i—j—l _ 1)

J
w2 G R YD = ) [ S, o).
0
(22)
As can be seen from Eqs. 6,7 and 22 that the three-center nuclear attraction integrals

over STOs in molecular coordinate system are expressed through the Guseinov’s two-
center charge density expansion formula and Lowdin «-radial functions.

4 Numerical results and discussion
We proposed calculation algorithm for the three-center nuclear attraction integrals

over STOs in molecular coordinate system. From the viewpoint of the computa-
tional efficiency and accuracy of our and various approximations, the three-center
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Table 2 Convergence of the

series expansion relations for N Eq.20 for I211,211 (6'1, 2.2, Rea, iéab)
three-center nuclear attraction
integrals over STOs as a function 8 0.6782940084566805
of summation limits for N 9 0.6783058641030268
10 0.6782948818257085
11 0.6782779936375349
12 0.6782630509422058
13 0.6782527281088085
14 0.6782470729731457
15 0.6782450448130202
16 0.6782453589897365
17 0.6782468905679029
18 0.6782488182752487
Req =0.1, 0cq =30, 19 0.6782506302505485
$eca =60, Ryp =0.8, 20 0.6782520676635844
Z”": o 120 fap = 150, 21 0.6782530503329973
Table 3 Convergence of the . -
series expansion relations for N Eq.20 for I100,100 (4-1: 2.3, Rea, Rub)
three-center nuclear attraction
integrals over STOs as a function 8 0.00085356557963337
of summation limits for N 9 0.00085802551708385
10 0.00085884731127713
11 0.00085853829707925
12 0.00085837189196420
13 0.00085837937153217
14 0.00085840576799912
15 0.00085840465880694
16 0.00085839883252226
17 0.00085840189335944
18 0.00085840566849512
Reqa =32, 6cq = 144, 19 0.00085840407453633
$ea =240, Rap =3.5, 20 0.00085840099547699
Oab = 180, fap = 288, 21 0.00085840069305671

a=0

nuclear attraction integrals over STOs in molecular coordinate system were evaluated
with Mathematica 6.0 international mathematical software. As seen from Eq. 20, the
problem of the three-center nuclear attraction integrals over STOs in molecular coor-
dinate system reduces to the calculation of Guseinov’s two-center charge density
expansion formula and Lowdin «-radial functions. The results of calculations for
three-center nuclear attraction integrals are given in Tables 1, 2 and 3. As can be seen
from the Table 1, we compared these numerical results with those obtained using the
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alternative schemes in Ref. [22]. As will be clear from our tests, all the equations yield
the expected results. We see from Tables2 and 3 that our results show a good rate of
convergence and numerical stability under a wide range of quantum numbers, orbital
exponents and internuclear distances. The algorithms proposed in this work can be
useful for the fast calculations of three-center nuclear attraction integrals. The com-
puter time required for the calculation of three-center nuclear attraction integrals are
not given in the tables due to the fact that the comparison cannot be made with the dif-

ferent computers used in the literature. For instance, for I211 211 (6.1, 2.2, ﬁca, Eab)

with sets Req = 0.1, 6.4 = 30, ¢peq = 60, Rap = 0.8, 0,5 = 120, ¢pgp = 150, ¢ = 0,
N =15, CPU time takes about 4.758 ms.

We notice that the algorithm presented in this work is of a completely general type
and can be used to calculate the three-center nuclear attraction integrals with the arbi-
trary values of integer principal quantum numbers, screening constants and location
of STOs appearing in the HFR equations for molecules.

Acknowledgment One of the authors (E.C.) thanks TUBITAK for financial support.

References

1. J.C. Slater, Quantum theory of atomic structure, vol 2 (Mc Graw-Hill, New York, 1960), pp. 31-50
2. LI Guseinov, J. Mol. Model 9, 190 (2003)

3. E. Filter, E.O. Steinborn, Phys. Rev. A 18, 1 (1978)

4. J.J. Fernandez, R. Lopez, I. Ema, G. Ramirez, J.F. Rico, Int. J. Quantum Chem. 106, 1986 (2006)
5. J.E Rico, R. Lopez, 1. Ema, Int. J. Quantum Chem. 108, 1415 (2008)

6. M.P. Barnett, J. Symb. Comput. 42, 265 (2007)

7. K. Yasuda, J. Comput. Chem. 29, 334 (2008)

8. Z.Ramonowski, S. Krukowski, J. Mol. Struct. (Theochem) 848, 34 (2008)

9. Z.Ramonowski, Int. J. Quantum Chem. 108, 487 (2008)

10. D. Antolovic, H.J. Silverstone, Int. J. Quantum Chem. 100, 146 (2004)

11. L. Berlu, H. Safouhi, J. Theor. Comput. Chem. 4, 787 (2005)

12. H. Safouhi, A. Bouferguene, Theor. Chem. Acc. 117, 213 (2007)

13. H. Safouhi, J. Phys. A: Math. Gen. 38, 7341 (2005)

14. L. Berlu, J. Theor. Comput. Chem. 3, 257 (2004)

15. L. Berlu, P. Hoggan, J. Theor. Comput. Chem. 2, 147 (2003)

16. L. Berlu, H. Safouhi, J. Phys. A-Math. Gen. 36, 11267 (2003)

17. Bouferguene, J. Phys. A-Math. Gen. 38, 2899 (2005)

18. J. Budzinski, Int. J. Quantum Chem. 97, 832 (2004)

19. M.B. Ruiz, K. Peuker, Chem. Phys. Let. 412, 244 (2005)

20. B.A. Mamedov, Chinese J. Chem. 22, 545 (2004)

21. LI Guseinov, J. J. Phys. B 3, 1399 (1970); Int. J. Quantum Chem. 90, 980 (2002); J. Mol. Model. 9,
190 (2003); 11, 124 (2005); J. Chem. Phys. 120, 9454 (2004); J. Mol. Struct. (Theochem) 757, 165
(2005)

22. LI Guseinov, B.A. Mamedov, J. Mol. Struct.(Theochem) 465, 1 (1999); J. Mol. Model. 8, 272 (2002);
J. Theor. Comput. Chem. 1, 17 (2002); Theor. Chem. Acc. 108, 21 (2002); MATCH Commun. Math.
Comput. Chem. 52, 47 (2004); J. Chem. Phys. 121, 1649 (2004); Can. J. Phys. 82, 205 (2004)

23. B.A. Mamedov, E. Copuroglu, MATCH Commun. Math. Comput. Chem. 61, 553 (2009)

24. B.A. Mamedov, H. Kog, J. Math. Chem. 44, 365 (2008)

25. P.O. Lowdin, Adv. Phys. 5, 96 (1956)

26. H.W. Jones, Int. J. Quantum Chem. Symp. 15 (1981) 287; Int. J. Quantum Chem. 18, 709 (1980); 19,
567 (1981); 21, 1079 (1982); 23, 953 (1983); 29, 177 (1986); 41, 749 (1992); 45, 21 (1993); 61, 881
(1997); Phys. Rev. A 30, 1 (1984); 33, 3 (1986); 35 4 (1987); 30, 2 (1988); 38, 2 (1988); J. Comput.
Chem. 12, 1217 (1991)

@ Springer



J Math Chem (2010) 47:345-353 353

27.
28.
29.
30.
31.
32.

33.

LI Guseinov, J. Mol. Struct.(Theochem) 719, 53 (2005)

LI Guseinov, J. Mol. Model 10, 212 (2004)

R.R. Sharma, T.P. Das, R. Orbach, Phys. Rev. 155, 338 (1967)

R.R. Sharma, J. Math. Phys. 9, 505 (1968); Phys. Rev. A 13,2 (1976); 13, 517 (1976); Int. J. Quantum
Chem. 10, 1075 (1976)

N. Suzuki, J. Math. Phys. 25, 1133 (1984); 25(E), 313 (1984); 26, 3193 (1985); 28, 4 (1987); 31, 9
(1990); 33, 12 (1992)

LS. Gradshteyn, I.M. Ryzhik, Tables of integrals, sums, series and products, 4th edn (Academic
Press, New York, 1980)

E.U. Condon, G.H. Shortley, Theory of atomic spectra (Cambridge University Press, London, 1970)

@ Springer



	Calculation of three-center nuclear attraction integral over Slater type orbitals in molecular coordinate system using Löwdin -radial function and Guseinov's two-center charge density expansion formulae
	Abstract
	1 Introduction
	2 Löwdin -radial and Guseinov- charge density expansion functions
	3 Analytical expression for three-center nuclear attraction integralswith STOs
	4 Numerical results and discussion
	Acknowledgment


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [5952.756 8418.897]
>> setpagedevice


